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Abstract 

In this paper we mainly study the derivations for even part of the finite-dimensional 
odd Hamiltonian superalgebra HO over a field of prime characteristic. We first give 
the generator set of HOq. Then we determine the homogeneous derivations from H Oq 
into Wn, the even part of the generalized Witt superalgebra W. Finally, we determine 
the derivation algebra and outer derivation algebra of HOq. 
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0. Introduction 

The theory of Lie superalgebras has seen a significant development (c.f. ^J)- For example, 
V. G. Kac has completed the classification of finite-dimensional simple Lie superalebras 
and the classification of infinite-dimensional simple linearly compact Lie superalgebras 
over algebraically closed fields of characteristics zero (see |H El)- But there are not so 
plentiful results on modular Lie superalgebras (that is, Lie superalgebras over fields of finite 
characteristic). For example, the classification problem is still open for finite-dimensional 
simple Lie superalgebras. As far as we know, the references (3J should be the earliest 
papers on modular Lie superalgebras. 

In this paper we shall discuss the derivations for the even part of the finite-dimensional 
odd Hamiltonian superalgebra HO over a field of prime characteristic. Our work is essen- 
tially motivated by the work on modular Lie algebras of Cartan type (see ^ 1121 113j ) . In 
1141 llb'j the superderivation algebras were determined for the finite-dimensional modu- 
lar Lie superalgebras of Cartan type W, S, H, and K. In jS] the superderivation algebra 
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was determined for the finite-dimensional odd Hamiltonian superalgebra HO. Note that 
the derivations of the even parts have been studied for the Lie superalgebras of Cartan 
type W, S, and H (see E]). However, in contrast to the setting of H, we determine 
completely the derivation space from the even part of HO into the even part of W, and 
the derivation algebra of the even part of HO, also. 

This paper is arranged as follows. In Section 1 we introduce the necessary notations, 
definitions and known results. In Section 2 we first give the generating set of the even 
part of the odd Hamiltonian superalgebra. Then we determine the nonnegative Z-degree 
derivations from the even part of the odd Hamiltonian superalgebra into the even part 
of the generalized Witt superalgebra. In Section 3 we determine the negative Z-degree 
derivations from the even part of the odd Hamiltonian superalgebra into the even part of 
the generalized Witt superalgebra. In Section 4 we determine completely the derivation 
algebra and outer derivation algebra of the even part of the odd Hamiltonian superalgebra. 

1. Preliminaries 

Let Z2 = {0, 1} be the field of two elements. For a vector superspace V = Vq ® Vj, we 
denote by p(a) = 8 the parity of a homogeneous element a S Ve,6 € Z2. We assume 
throughout that the notation p(x) implies that x is a ^-homogeneous element. 

Let g be a Lie algebra and V a g-module. A linear mapping D : g — > V is called a 
derivation from g into V if D{xy) = x ■ D(y) — y ■ D(x) for all x,y € g. A derivation 
D : g — > V is called inner if there is v G V such that D(x) = x ■ v for all x G g. 
Following p. 13], denote by Der(g, V) the derivation space from g into V. Then 
Der(g,y) is a g-submodule of Hom^o, V). Assume in addition that q and V are finite- 
dimensional and that q = ® r ez0r is Z-graded and V = ® r giV r is a Z-graded g-module. 
Then Der(g, V) = rg zDer r (g, V) is a Z-graded g-module by setting 



In the case of V = q, the derivation algebra Der(g) coincides with Der(g,g) and Der(g) = 
© re zDer r (g) is a Z-graded Lie algebra. If g = (B- r <i<sBi is a Z-graded Lie algebra, then 
®-r<«<o0? is called the top of g (with respect to the gradation). 

In the sequel we assume throughout that the underlying filed F is of characteristic 
p > 3. Let us review the notions of modular Lie superalgebras of Cartan-type W and S 
and their gradation structures. In addition to the standard notation Z, we write N for 
the set of positive integers, and No for the set of nonnegative integers. Henceforth, we 
will let n denote fixed integers in N \ {1, 2} without notice. For a = (qi, . . . , a n ) G Nq, 
we put \ct\ = X/2=t a i- Let 0(n) denote the divided power algebra over F with an F-basis 
{x( a > I a E Nq}. For = (5n, . . . , Si n ), we abbreviate x^ 6 ^ to Xi, i = 1, . . . , n. Let A(n) be 
the exterior superalgebra over F in ti variables x n -^-\^ . . . , X2n- 

Denote the tensor product 

by 0(n,n) = 0{n) ®f A(n). Obviously, 0(n,n) is an associative superalgebra with a Z2- 
gradation induced by the trivial Z2-gradation of 0(n) and the natural Z2-gradation of 
A(n). Moreover, 0(n, n) is super-commutative. For g G 0(n),f £ A(n), we write gf for 
g f. The following formulas hold in 0(n, n) : 



Der r (g, V) := {D G Der(g, V) | C V r+i for all i € Z}. 




Xk%i = —X[Xk for k, I = n + 1, . . . , 2n; 
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X^~ X fa — X j^X 



(q) for a€N5 > jfe = n+l,... J 2n, 



where ( a+ f) := Utli^af')- ™ Y o ■= {l,2,...,n}, Y x := {re + l,...,2n} and Y := 
Y UY 1 . Let 

Bjfc := {(ii, 22, • • • ,ijfc) | n + 1 < n < »2 < • • • < »fc < 2n} 
be the set of fc-tuples of strictly increasing integers between n + 1 and 2n, and put B := 

n 

B(re) := |J B fc , where B := 0. Put 1° := {« G B | |u| even} and B 1 := {u G B | |u| odd}, 
fc=o 

where for u = 12, ■ ■ ■ , ik) G Bfe, M := |0| : = 0, := 1. For u = 12, ■ ■ ■ , ik) G 
Bfc, we set x u := x^x^ ■ • ■ Xj fc ; we also use u to stand for the set {i\, 12, ■ ■ ■ , ik} if no 
confusion occurs. Clearly, {x( a ^x u \ a G Nq , u G Bj constitutes an F-basis of O (re, n) . Let 
d±, 82, ■ ■ ■ , (?2n be the linear transformations of O (n, re) such that 

a ( (a) u\_ J s (a-er) x 1i , r G y 

Then <9i, #2, . . . , <92n are super derivations of the superalgebra O (re, n) . Let 
W (re, re) = { ^ f r d r I / r G O (re, n) , r G y }. 

Then W(re, re) is a Lie superalgebra, which is contained in Der(C (n, re)). Obviously, 
p(<9,) = u(i), where 

r , J 0, iey 

One may verify that 

= - {-lf {fD) ^ E) gE{f)D + (-1)P(%W/ S []?^ 

for /, S 6 0(re,re), D,E G Der(C(re,re)). Let 

i := (*i,i2, • • • ,tn) G N n , 7r := (7ri,7r 2 , . . . ,ir n ) 
where 7Tj := p ij - 1, i G Fo- Let A := A (re; i) = {a G | a« < vr i5 i G Fo} • Then 

O (re, re; t) := span F jx (a) x M j a G A, it G B j 

is a finite-dimensional subalgebra of (re, re) with a natural Z-gradation 0(n,n;t) = 
0^ =o O(re,re;i) r by putting 

C(re, re; i) r := span ¥ {x^x u \ \a\ + \u\ = r}, £ := + re. 

Set 



(re,re;i) := { ^ / r 9 r | / r G O (re,re;i) ,r G y}. 



Then W (n,n;t) is a finite-dimensional simple Lie superalgebra (see JE])- Obviously, 
W(n,n;t) is a free (n, re; i)-module with O (re, re; t)-basis {<9 r | r G y}. We note that 
VF(re, re;t) possesses a standard F-basis {x^ a >x u d r \ a G A, re G B,r G y}. The Z-gradation 
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of 0(n,n;t) induces naturally a Z-gradation structure of W(n,n;t) = ©f_liW(n, n;f)i, 
where 

W(n,n;t)i := span F {/<9 s | s G Y, f G 0(n, n; t) i+ i}. 

Put 

., _ j i + m, i EY 
\ i — m, i G Yi. 

Define Th : 0(n,n;t) — > W(n, n;t) such that 

2n 

T H (a) := ^(-lf^P^d^a)^, for all a G 0{n,n;t). 
i=i 

Then Th is an odd linear mapping. For a, b G 0(n,n;t), one may easily verify that 

[T H (o),T H (6)] = T h (T h (o)(6)) (1.1) 

(see (HI Proposition 1, Lemma 2]). Put 

HO(n, n; t) := {T H (a) | a G 0(n, n; t)}. 

Then (jl.lj) shows that HO(n,n;t) is a finite-dimensional Lie superalgebra. Following 0, 
we call this Lie superalgebra the odd Hamiltonian superalgebra (see also [S]). Put 



HO(n,n;t) := HO(n,n;t)^ + HO(n,n;t) T , 

where 

2n 

HO(n,n;t) a : = { G W(n, n; i) a | c^v) = (-l)^)^^), i,i € r} 

i=l 

where a G Z2, (i,j,ct) := fi(i)fi(j) + (//(i) + fi(j))(a + 1). Note that HO(n,n;t) and 
HO(n,n;t) are all Z-graded subalgebras of W(n,n;£). 



In the sequel the even parts of W(n, n;t), HO(n,n;t) and HO(n,n;t) will be denoted 
by W, WO and WO, respectively. 

Let g := span F {x"<9 r | r G Y,tt G B,p(:r"d r ) = 0}. Then C w (WO-i) = £; in particular, 
Cwe>(W0_i) C Note that Q is a Z-graded subalgebra of W. We need the following 
lemmas. 

Lemma 1.1. Let <f> G Der(WO, W) safe/y 0(WO_i) = 0. Lei £ G HO. T/ien C 
ker^> £/ and on/y if 4>(E) G 

Proof. Note that WO is a Z-graded subalgebra of W and WO_i = W_i. This is a direct 
consequence of Lemma 2.1.1]. □ 

Lemma 1.2. Lemma 2.1.3]) Let V be a vector space over F and vx,v%, . . . ,Vk G V. 
Let Ai G Endp^. Suppose there are Bi G Endpl^ such that 

(i) AiBiAi = Aiforl<i<k; 

(ii) A\, A2, • • • , ^4fc commute mutually; 

(iii) ^j(fj) = Aj(vi) for 1 < i, j < k; 
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(iv) AiBi(vi) = Vi, AiBj = BjAi for 1 < i,j < k, i ^ j. 
Then there is v £ V such that Ai(v) = Vi for 1 < i < k. 

Lemma 1.3. Let G Der t (HO, W) where t > 0. Then there is E £ W t such that (0 - 
&dE)(HO-i) = 0. 

Proof. Apply 6, Proposition 2.1.6]. □ 

2. Nonnegative Z-degree derivations from HO into W 

In order to compute the derivations from HO into W, we first give the generating set of 
HO, which will be frequently used in the sequel. Let 

N := {T H (x k xix q ) \k,l,q £ Y t }, 

M := {T H (x^x k ) | i £ Y , < Qi < m, k £ Y x }. 
Proposition 2.1. HO is generated by M{JN. 

Proof. Let L be the subalgebra of HO generated by M U iV. We proceed by induction on 
|a| + \u\ to show that Th(x^x") G L for all a £ A and u £ B 1 . When \a\ + \u\ = 1, we have 
a = and therefore, T H (x fc ) G M C L for k G Y\. When \a\ + \u\ = 2, Tn(xiX k ) £ M C L 
for i £ Yq, k G Y\. When |a| + \u\ = 3, we have 

[T B (x iXf ), T R (x^ Xl )} = -(1 + 5 ll )T u (x^ +£ ^x l ) £ L 

for i,j £Yq and / G Y\ with / ^ i'\ also, 

[Th^x^), Th^W)] = -T H (x (e * +E 'W) G L fori, j G F - 

Summarizing, Th(x' e,+£ j'3;j.) G L for all /c G Y\, i,j £ Y . Since Tn(x k xix q ) £ N C L 
for A:,Z,g G ii, our assertion holds for \a\ + \u\ = 3. Now Suppose |q| + \u\ > 3. Direct 
computation shows that 

[T R (x (7Tl£ ^x 2 >), T R (x (7T2£ ^x k )} = -T u (x (7Tl£l+(n2 - 1)£2) x k ) £ L for all A; G Y x \ 1'; 
[T H (x^ l£l+ ^ 2 - 1 ) £2 )x fc ), T u (x^' +£2) x k )} = {l+5 kt2 >)T R (x {7Tl£l+7T2£2) x k ) £ L for all A; G Fi\l'; 
[T H (x^x v ), Tu(x in2£2) x v )} = T n {x {£l+V2£2 ^x v ) £ L; 
[T H (x (7ri£l) xi/), T H (x( £l+7r2£2 ) 'x v )} = -2T u (x^ 1£1+n2£2 ^x v ) £ L. 

Since charF > 3, Tn(x^ 7Tl£l+7T2£2 ^ x k ) £ L for k £ Y\. Similarly, one may show inductively 
that T H (xWx fc ) G L for all k G Y\, Clearly, 

[T H (x^x k ), T H (xi/)] = ThOz^-^) G L for aU* G Yq, k £ Yl 

Therefore, T H (a; (a) x fc ) G L for all k £ Y x , a £ A. Thus one may assume that \u\ > 3. Let 
x u = Xi if Xi 2 , ■ ■ ■ Xi a ,, where ij> £ Y\ and s > 3 is odd. If there is some j' £ {V, 2' , . . . , s'} 
such that oti. < TTy, without loss of generality, assume that j' £ {1', 2', . . . , (s — 2) }. By 
inductive hypothesis, 

[T n {x {a+£ ^ Xii , ■ ■ ■ x i{s _ 2)l ), T H (*i.,x i(s _ 1); *v)] = T H (a: (Q) /) G L; 
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if ai r = 7r,; r for all 1 < r < s and there is some f G {(s + 1)', . . . , n'} such that «j. < 7rj., 
then by inductive hypothesis, 

[ThI^^v T hKJ] = T H (x (Q) x,, i; •••x i(s _ 2); ) G L. 

In the first case, we have shown that Tji^^'i'iyij ly) G L. Thus, in the second 
case we have 

[T H (xWx tl/ •••x W ), T H (x( £ n) XvX . (s _ i)/Xis/ )] = -2T H (x( Q )x«) G L. 

Now it suffices to show that Tj^x^x") G L for u G B 1 . Use induction on |it|. For \u\ = 1 
we have proved the conclusion. For \u\ = 3, 

[T H (x (7r) x fc ), T H (x^^x k x r x q )] = -2T H (x (7r) x fc x r x 9 ) G L for all k,r,q G Yi. 

Suppose |tt| > 3 and write u = v + u>, where v =< k,l,r > . By the argument above, 
T^x^'-'^XrX^) G L. Consequently, 

[T K (x^x k x lXr ), T n (x^) XrX ^)} = -2T H (x«x u ) G L. 

The proof is complete. □ 

In order to determine the nonnegative Z-degree derivations from TtO into W, we shall 
show that if such two derivations coincide on the top of TLO then the difference vanishes. 
Of course we shall consider the generators of HO. We first consider the subset M. 

For convenience, we put Aj := Xiidy — Xidi = Th^x^) for i G Yq. 

Lemma 2.2. Let (f> G Der t (HO,W) with t > 0. If <f>(HO-i®HO Q ) = 0, then 

(j)(Tu{x {a£l) x k )) =0 for i G Y , k G Y h < a < m. 

Proof. For a = 2, by Lemma If .11 one may assume that 

0(T H (x (2£,) Xj')) = c ur x u d r where c ur G F. 

reY,ueB 

Direct computation shows that [T}^(x^ 2£ ^Xii), Aj] = Tn(x^ 2e ^Xi'). Applying yields that 

| ('in-- 1 ' *h- • Ay — ^ C ur X () v . 

r£Y, uGB r£Y, mGB 

Consequently, 

u& r£Y, uSB r6Y,«£B 

where <5j'£ U means it is 1 if i' G u or otherwise. A comparison of coefficients shows that 

(1 + ^)^ = forr GY\{M'}, (2.1) 

(2 + ^ eM )c m = foruGB; (2.2) 
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8i>euCui' =0 foru € B. (2-3) 
Noticing that charF > 3, by l|2~Tjl and (|2~2j) one gets c ur = for r G Y \ i' . Thus, 

^(Tuix^Xi,)) = ]T c ui ,x u d i ,. 

For any fixed u G B , if i' G u, then (|2.3f) yields c u ,/ = 0; if i' ^ u, since \u\ > 2, there is I G u 
such that [TH(i' 2E, ^i'), A;/] = 0. Applying 0, one may obtain that — X^ueB 1 c ui'X u di> = 
0. It follows that c u i> = 0. Consequently, (f>(Tn(x^ 2£ ^Xi')) = 0. 

In the following we use induction on a > 3 to show that 4>(Tii(x^ aei ^ Xi>)) = 0. Assume 
our assertion holds for a — 1. By Lemma ll, II one may assume that 

(/>(T H (x (a£i W)) = ^ c «r£ M <9 r where c ur G F. 

Note that 

[T H (* {a£ <W), A,] = (a-l)T H (x (o£< W)- 

Applying (ft, one gets 

^ ^ (^ni'X C u iX &i) 5if£ U ^ ^ C ur X d r — (ft 1) ^ ^ C ur X d r . 

wGB rey,«GB rGV, «GB 

A comparison of coefficients yields 

(a - 1 + <5i/ eu )c OT . = for r G F \ {i, i'}, u G B; (2.4) 

(a + ^ eu )c m = for u G B; (2.5) 

(a - 2 + (VeJtW =0 for u G B. (2.6) 
The following discuss is divided into two parts. 

Part I: a = (mod p). By (|2.6j) . c u j/ = and therefore, 

0(T H (x (a£l W)) = J] c ur x u d r + c vr x v d r . 

r£Y\i' rGY\i' 

By (E3J) and (f23j) . 

</>(T H (x (a£l W)) = ^ c m .x M a r + ^ c^s^. 

i'SuGB i'^fSB 
rgy\{i,i'} 

For any fixed u with i' G ti, since |u| > 3, there is / G u such that / ^ i'. Compute 
[Tn(x^ ae ^Xj'), A^/)] = 0. Applying <fi to this equation, one gets 

(c u ix u di - c uV x u d v ) - c ur x u d r - 6i & , c^a^dj = 0, 

rgy\{i,i'} 
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Given -u satisfying G it, since |u| > 3, there is g G u such that q 7^ Note that 
[Th^^x^), Aq/] = 0. Applying (ft, one computes 

- C U JX W ^| - c t , i x 1 '0i = 0. 

Hence c u ; = 0. Given v satisfying i' v, by the equation above, one gets 

0(T H (x^W)) = 2 c^ct 

Since |u| > 3, there is r G v such that [Tn(x ( ' ae ^Xj'), A r /] = 0. Applying (ft, we have 

- ^2 c vi x v di = 0. 

This implies that c v i = 0. As a result, ^(T^x^^Xi')) = 0. 

Part II: a ^ (mod p). Here we proceed in four steps. 

Step (i): a = 1 (mod p). By (23J), c ui = 0. Then by (J23J) and (f!Tfil). 

0(T H (x^Si/)) = J] c m ,x M ^+ J] c w x^ r . 

i'SuSB 1 iV»6l 

For any given it satisfying i' G u, since |u| > 3, there is I G u such that / 7^ i'. Direct 
computation shows that [T^x^^Xi'), Ay] = 0. Applying (ft yields 

- ^ c ui 'X u di> + (c v ix v di-c v i>v v di>)-5i ev c vr x v d r = 0. 

j'eueB 1 i'0«eB iV«6B 

r6y\{i,i'} 

It follows that Cuj/ = and therefore, 

^(Th^W)) = ^ <Vi«8^. 

rgy\{i,i'} 

For any given t> satisfying %' t>, since |t>| > 3, there is q G v such that 

[T H (x^W), A 9 /] = 0. 

Applying (ft yields 

^ ^ (fiuqX 9q C V g'X <9q') ^ C vr X <9 r — 0. 

reY\{i,i'} 
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Therefore, c vr = for r G Y \ q. Thus 

0(T H (a: (ae< W)) = £ <V^- 

i'gtiGB 1 

Since |t>| > 3, there is r £ v, q ^ r such that 

[T H (x^W), A r ,] = 0. 
Applying </>, we have — X^'^gb 1 c vq xV 9 q = 0. It follows that c vq = 0. So 

0(T H (a; (aei W)) = 0. 
Step (ii): a = 2 (mod p). By (JHU) and (|23|) . c ur = for r G Y \ i'. It follows that 

0(T H (^ (a£i) ^)) = J] c »'^ + S c «' x ^. 

i'GuGB 1 i'guGB 1 

For any fixed u satisfying il G u, by l|2.6|) . c^/ = 0. Consequently, 

<HT H (^W))= £ c^z'ty. 

For any fixed t> satisfying i' u, since |i>| > 3, there is I G v such that 

[ThOz^W), a f ] = 0. 

Applying <\> we have — X^'g'ugb 1 c vi'X v di' = 0. This implies that c v i> = and therefore, 
</>(T H (x^W)) = 0. 

Step (iii): a = — 1 (mod p). By (|2.4|) and (|2.6|) . c nr = for r G Y \ i. For any fixed v 
satisfying i' v, by (|2,5|) . c^j = and consequently, 

0(Th(x^)^))= ]T c ui x u di. 

i'G«GB" 

For any fixed u satisfying i' G u, since \u\ > 3, there is / G u such that I ^ i' . Note that 
[TH(x^ ae ^Xj/), Aii] = 0. Applying we obtain that — X^'g^gb c ui% u di = 0. This implies 
that c ui = and hence, c/)(Tu(x( a£ ^ Xi>)) = 0. 

Step (iv): a ^ -1, 1, 2 (mod p). By (j!Q|t - (|2"!)]) . we have c ur = for r G F and u G B. It 
follows that 0(T H (x (a£l) Xj/)) = 0. Note that 

[T H (x^)xi0, T H (xiX fc )] = -T H (x^)x fe ) for A; G Y\i'. 

Applying <p the equation above gives 

c/)(Tu(x ia£l) x k )) = for k G Fi \ i'. 

Hence, 0(T H (x( a£l )x fc )) = for i G F , A; G F. □ 

We next consider the subset N of the generating set of HO. First consider the action 
on N of derivations of odd Z-degree. 
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Lemma 2.3. Let <p G Der t (HO,W) with t > odd. If </>(HO-i HO ) = 0, then 
4>(Tn(xkXix q )) = for all k,l,q€ Y 1 . 

Proof. By Lemma ll.ll one may assume that 

4>(T K (x k xix q )) = c ur x u d r wherec ur GF. 

Note that [Tn(x k xix q ), A k >] = -T K (x k xix q ). Applying (f> gives 

^ ^ C-ukX dfz <5fcG« ^ ^ c ur x d r — ^ ^ c ur x Q r . 

uGB 1 rgyi.uGB 1 rG^i, uGB 1 

For any fixed u, if k G" u, then c Mr = for all r G li. If € u, then c n fc = 0. Therefore, 

(f)(Tn(x k xix q )) = ^2 c ur x u d r . 

reYl\k 

Similarly, it is easily seen that 

(j}(Tu(x k xix q )) = ^2 c ur x u d r . 

rGTl\{fc,i, 9 } 

The equation above implies that our conclusion holds when n = 3. Let us consider the 
case that n > 3. For n = 4, given any u satisfying k, I, q G u, since it £ B 1 implies 
that \u\ < 4, there is s G Yl \ {k,l,q} such that s it. Direct computation shows that 
[T H (x k xix q ), A s /] = 0. Applying </> yields Sfc^geueB 1 c us x u d s = 0. Consequently, c ns = 
and therefore, cp(Tii(x k xix q )) = 0. For n > 4, just as above, one may obtain that 

^ ^ CusX d s o~s£u ^ ^ c ur x d r — 0. 

reYi\{ft,!,?} 

If s ^ it then c us = for all s £ Fj\ {A;, /, g}; if s G it then c ur = for all r G Y"i \ s. 
Consequently, 

(j)(Tu(x k xix q )) = c us x"<9 s . 

fc^c^sGnGB 1 

Note that 

[Tn^fc^Xg), T H (x s av)] =0 for r G Yi \ {k, I, q, s}. 
Applying <j) yields l seue ^i c us x u d r = 0. This implies that c us = and hence 

(p(T}i(x k xix q )) = for all k,l,q G Yi. 

The proof is complete. □ 

Let us consider the derivations of even Z-degree. 

Lemma 2.4. Let <t> G Ber t (HO,W) with t > even. If cf>(HO = 0, then 

4>(Tu(x k xix q )) = for all k,l,q G Y x . 
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Proof. By Lemma ll.ll we may assume that 

(j>(Tii(xkXix q )) = c ur x u d r wherec ur €F. 

r£Y ,u£B° 

Assume that n > 3. Then for arbitrary s € Y\\{k, I, q}, it is easy to see that [Th(x/sX|X,), A s /] = 
0. Applying <j) we have 

^ 9 a i ^s£ii ^ ^ C ur X d r — 0. 

Hence, 

0(TH(sfcXzx g )) = c ur 2; u 9 r . 

rey- \ s ' 

Note that [TnfxfcXiXg), Tn^fe'^z)] = 0. Applying </> we have 

- ^2 c uk'X u d v - ^2 c ur xid k (x u )d r = 0. 

r€Y \s' 

It follows that c n fc/ = 0. Similarly, one gets c n // = and c uq > = 0. It follows that 
4>(T]i(xkXiXq)) = 0. For n = 3, the argument is similar and much easier. □ 

By Lemmas l2.2H2.4l we have the following proposition. 

Proposition 2.5. Let <j) G Der t (HO, W) with t > 0. J/ >(WO_i © WO ) = 0, ffcen = 0. 

This proposition tells us that the nonnegative Z-degree derivations from 7^0 into W 
are completely determined by the top of TLO. In order to reduce the nonnegative Z-degree 
derivations from HO into W to vanish on the top, we establish the following lemma. 

Lemma 2.6. Let r < n be a positive integer and fi, /2, . . . , f r G A(n). Suppose that 

(a) A i (/ i )=A i (/ i ) J l<»,j<r; 

(b) A i (/ i ) = /<,i = l,...,r. 

T/ten i/iere is f £ A(n) suc/i i/iai Aj(/) = /$ /or i = 1, . . . , r. 

Proof. We verify the conditions of Lemma |l,21 Since {x^dk) 2 = x^dj. for all k G ii, it 
is easily seen that A,?| A(n) = A;| A(n ). Let Aj := Ai[ A(n) , Bi := id A(n) . Then A^A; = 
A? = Aj, that is, (i) holds. Lemma ll.2( ii) is obvious. By (a), (iii) holds. By (b), 

AiBi(fi) = Mfi) = fi- Clearl y' A i B = l<i,3<r,i? j- Thus (iv) holds. By 

Lemma ll.2| there is / € A(n) such that Aj(/) = fi for i = 1, . . . , r. □ 

According to Proposition 12 .5[ it suffices to consider the top for the nonnegative Z- 
degree derivations from HO into W. In the proof of the following lemma we shall adopt 
the methods used in the proof of fi, Lemma 4.2.5, Proposition 3.2.4]. 

Lemma 2.7. Let 4> G Ber t (HO,W) with t > even. If (f>(HO-i) = 0, then there is 
D e Gt such that {(j) - a,o\D)(TtO-i HO ) = 0. 
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Proof. By Lemma [l.H one may assume that 0(Aj) = YlreY fri'®r, where / r j/ G A(n). 
Note that 

[Aj, Aj] = for all i,j G Y~ with z / j. 
Applying <j) and comparing coefficients one may obtain that 

Ai{f rjl ) = Aj(f ri t) for r G Y x \ (2.7) 

Aj(fi'i') = Ai(fi'j') ~ fi'j' whenever i,j G Y with i / j. (2.8) 

For r, z' G Yi, Suppose f ri > = ^| u |=t+i Curi>x u , where c urV G F. Then by (|2~7j) . ^g^ew,-/ = 
5j'£ U c ur i' for r ^ i'- This implies that 

c^ri' 7^ an d J G u c ur j/ 7^ and i' G u. 

Let r, z' G Y\ with r ^ i' . If c ur j' 7^ 0, then the implication ensures that there is i' G u and 
therefore, 

Mfri')=U, r^i'. (2.9) 
For any fixed r EY\, by Lemma 12.61 there is f r G A(n) such that 

A t (7r) = /ri' for all i' G Yi \ r. (2.10) 

Assert that Aj(/jv) = for all i' G Yi. We first consider the case t > 2. By (|2~H)l . 

Aj-Ai(^) = AiA^/fv) = Af - Ai(/ iT ) = for f G ^ \ i' . 

Assume that Aj(/j/j/) 7^ 0. Since zd(/jv) = t + 1 > 3, there is r G u\i' such that 
A r 'Aj(/j/j/) 7^ 0, contradicting the equation above. Hence, Aj(/jv) = 0. 

Let us consider the case t = 0. Apply 4> to the equation that [Tn(xiXji), Aj] = Tn(xj;Ej') 
for j G Yb \ i We have 

^(Th^Xj/)) + [A i5 0(T H (xjZj-/))] = [T H (a?iXj/),^(Ai)]. 

On the other hand, since zd(/ r j') = 1, by ()2.9|) . for r 7^ i', we have / r j/ = c r i'Xi', where 
c r i' G F. Then 

</>(Ai) = ^ fri'dr = fi'i'di* + ^ c ri' x i'dr- 
r&i r£Yi\i' 

Consequently, 

(p(T H (xiXj')) + [A i7 ^(TnixiXj/))] = (di'(fi'i')xj' - Cj'i'Xi')di' + ^ c ri >Xj>d r . (2.11) 

Since zd(0) = 0, (/>(TH(xjXj')) = X^sreYi ^ s 9 r where ^ £ F. Note that [Aj,x s (9 r ] = 
(<5j/ s — 6i' r )x s d r . If follows that 

</>(T H (x;Xj')) + [Aj, 0(TH(xiXj/))] = ^2 V { ipx s d r + (5j> s -6 i/r )fj,fjpx s d r . 

s,r£Y\ s,rGYi 

In the equation above the coefficient of <9j/ is 

sGYi seY! s£Yi 
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By 1)2.111). dit(fi'i')xjt - Cj'i'Xi* = W for i / j. Hence, = and Aj (/$/*/) = 0. 

Thus our assertion holds. 

For r G li, let / r := — f rr + A r /(/ r ). Clearly, / r G A(n) and 

M/r) = A r /(-/ rr ) + A* (/ r ) = A r ,(7,) = fr + frr- 

Then 

A r '(/ r ) — fr = frr- (2-12) 

For i' 6 Fi \ r, by fig]) and (f2~TU)) . one may compute Aj(/ r ) = / ri /. Putting D' := 
— X^reri frd T , then by ()2.12)) . we have 

[D', Ai] = ~Y^ [frd r , A<] = ^ ,/Wdr + Avfy = 0(A<). 
reYi reiiV' 

Put D := Then Deft and [D, Aj] = 0(Aj). It follows that (0 - ad£>)(Aj) = 0. Let 
ip := (j) — adD and suppose 

V>(T H (xjXfc)) = ^2 c ur x u d r for G Yi \ i'. 

reYi^gB 1 

Note that [Th(xiX/c); Aj] = Tn(xiX k ). Applying ?/> we have 

ueM 1 rGYi, ugB 1 reY^uGB 1 

Therefore, ^(T H (xi:%)) = Z^ugb 1 c ui >x u di>. Note that 

[T H (aJiiCi;), A fe /)] = -T H (xiX fc ) for G Yi \ i'. 

Applying t/j we have 

~3k£u ^ ] C u i/X U dii = — C u iiX U di'. 

Hence 



V>(T H (xjX fc )) = c ui ix u dii. 



If t > 0, for any fixed u satisfying i! u and A: G u, since > 2, there is r G u \ k such 
that [Tn(xjXfc), A r /] = 0. Then by applying ip we have — ^ fc Gu c u i'X u di' = and hence 

cw = 0. Thus ip(Tu(xiX k )) = 0. If t = 0, then V( T H(2^fc)) = c ki ix k di>. Applying ^ to 
the equation that 

[T H (xiX fc ), T H (xi/X//)] = T H (x//x fe ) for I G Yi \ {A;,i'}, 

one may get c^j/ + m = c k \. Similarly, from the equation that 

[Tn(xiX k ), T H (x k >Xi/)] = A fc / - A.;, 

one gets c k i> + Ci> k = 0. Clearly, the following system of n — 1 equations has solutions: 
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\l> — \ 3 i — Ci'3> 

Al' — \ n ' = C-Vn'- 
Let (Ai/, A2', . . . , A n /) be a solution. Then 

Afc — A/ = (Afc - \y) + (Ai/ — A;) = Ckl- 

Let D" := 5^ rg y ^rX r d r and 93 := ip—a,dD". Then (^(Tn^jXfc)) = for j 7^ k'. In addition, 
99(Aj) = 0. The proof is complete. □ 

Lemma 2.8. Let <f> G Der t (HO, W) t > odd. If <j>{HO -1) = 0, tfien i/iere is D £ Q t 
such that (4> - &dD)(HO- 1 © HO ) = 0. 

Proof. By Lemma H~T1 assume that 0(Aj) = ^reYb •/' ri ^ r "' wriere / r j G A(n). For arbitrary 
j G Y Q \ i, we have [Ai, Aj] = 0. Then 

-fji d i ~ ^2 ^j(fri)dr + ^2 A i(frj)dr + fijdi = 0. 

A comparison of coefficients shows that 

Aj(f ri ) = Ai(f rj ) for r G Y \ {i,j}, (2.13) 

Aj-C/tf) = Aiifij) + ^ for i, j G y with i ± j. (2.14) 

Suppose f ri = J2\ u \=t+i c nriX u , where c nri G F. By (|2.13|). 8j /eu Cu ri = 5 i/eu c urj for r G 
Yo \ {i, j}. Then we have the following implication: 

j' G uand c ur j 7^ i'6a and c urj - 7^ 0, r G Yo \ j}- 

Let r, i G Yo with r 7^ i. If c ur j 7^ 0, then i' G u and therefore, Aj(/ r j) = / r j. For any fixed 
r G Yo, by Lemma 12.61 there is f r G A(n) such that 

Ai(/ r ) = /„ for all % G Y \ r. (2.15) 

For any fixed r G Yo and i G Yo \ r ) by (|2.14|) and ()2.15j) . we have 

A^ - f r - A r (f r )) = A,(/ rr ) - Aj(/ r ) - AjA r (/ r ) 

— A-i^frr) /ri AjA r (/ r ) 

= A r (/ ri ) - A r Ai(/ r ) 
= A r Ai(/ r ) - A r Ai(/ r ) 
= 0. 

Let / := / rr — f r — A r (f r ) = Ylv c v xV - Assume that / 7^ 0. Then there is u such that 
c v 7^ 0. Since \v\ > 2, there is i' £ v \ r' . Then = Aj(/) = c„x^ and therefore, c v = 0, a 
contradiction. This shows that / = 0, that is, 

/ rr = A r (/ r ) + f r forrGYo- (2.16) 
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Let D' := - £ re y frd r . By $tt^ and (I^THl) . 

[D',Ai] = -J2lfr d r, A»] 

r€Y 

= ^Ai(/ r )^. + /i^ 

= ^ Ai(/ r )5 r + (A^/O + fi)di 

reY \i 

— ^ ^ fridr ~\~ fiidi 
r€Y \i 

= HAi). 

Let D := L>£. Then D e G t and [Z>, Aj] = </>(A;). Put ip := (/) - adD. Then ^(Aj) = 0. 
Assume that 

-^(TH^j^fc)) = c ur x u d r where c ur G F, € Y\ \ i' . 

r€Y ,u&° 

By applying tp to [Th^xj;), Aj] = T R (xiX k ), one computes 

^ ^ Cui% 9% ^ ^ Cn r X 9 r = ^ ^ C UT X dr- 

It follows that c ur = for all r G Yo. Therefore, ^(Tn(a;fcXj)) = 0. Now we have proved 
that (cj)-adD)(HO- 1 ®HO ) = 0. □ 

The following proposition asserts that all the derivations of nonnegative Z-degree are 
inner. 

Proposition 2.9. Der t (WO, W) = adW t for t > 0. 

Proof. Clearly, adW t C Ber t (HO,W). Let G Der t (HO, W). By Lemma O there is 
EeWi such that (0 - ad£)(ft0_i) = 0. By Lemmas [X71 and there is D £ ft such 
that - adE - adD)(HO- 1 WO ) = 0. By Proposition EH <p - adE - adD = 0. Hence 
<f) = adE + adD G adWj. □ 

3. Negative Z-degree derivations from HO into W 

In this section, we first prove that Z-degree —1 derivations from HO into W vanishing on 
TiOo are necessarily zero, then determine the Z-degree —1 derivations. For our purpose, 
we need the following two lemmas. 

Lemma 3.1. Let cf) G Der_i(ft0,>V) satisfy c/){HO ) = 0. Then (/){T H (x k xix q )) = for 
all k, I, q G Y\. 

Proof. By Lemma fTTTl assume that (p(T}i(x k xix q )) = J2 S rg y x c sr x s d r , where c sr G F. Note 
that [A k/ ,T K (x k xix q )] = Tn(x k xix q ). Applying (j> one gets 

^ ^ C k rX k O r ^ ^ c sk x s d k — ^ ^ c sr x s d r . 
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A comparison of coefficients shows that 

Ckk%k ^ C-sk^s — ^ C s kX s , 
s6Yi seYi 

and 

Ckr^k — ^ ^ Csr%si T G Yl \ k. 

sen 

Then we have c s k = for s G Fi and c sr = for s, r € Yi \ k. Thus, 

4>(T-n{x k xix q )) = c kr x k d r . 

Applying (/> to the equation that [TnfxfcXiXq), Th(x/j'I;)] = one may computes 

CklXkdk - ^2 c krXid r = 0. 
r6ii\/e 

It follows that c kr = for all r &Yi\k. Hence (ft(T}i(x k xiXq)) = 0. □ 

Lemma 3.2. Suppose (j) € Der_i(WO,W) and </>(HO Q ) = 0. T/ien 0(T H (x (aei) Xfc)) = 
/or all i E Yq, k G Y\. 

Proof. Proceed by induction on a. For a = 2, by Lemma ll. 11 one may assume that 
^(TH(x' 2ei 'xf:)) = c qrX q d r wherec gr GF. 

Note that [Aj, T^x^^Xk)} = (oVfc — 2)Tn(a;( 2e ^Xfc). Applying <f> and computing we have 

^ ('i'j'Xi' () r ^ Cqi'Xqd{/ — ($i'k 2) ^ Cq r Xqd r . 

It follows that 

Ci'i'Xi' ^ Cqi'Xq — {o~i>k 2) ^ Cqi'^q? 
qeYi q&i 

and 

Cj'r^i' = {k'k ~ 2) <vxq for r G Yi \ i'. 

Consequently, cyy = and (<V& — l)c g j/ = for q £ Y\ \ i'; c qr = for q £ Yi, r E Y\ \ i'. 
Then 

^(T H (x (2£l) X fc )) = 5i> k ^ C qi' X q d i'- 
qeYi\i> 

For I 6 Yi \ i', [TH(x' 2ei ^i'), A//] = 0. Applying (/> and one may get cu> = and therefore, 
(^{Tnix^Xk)) = 0. For a > 3, by Lemma ITT1 one may assume that 

</>(T H (x {aei) x fc )) = YI c ur x u d r for all i G Y , A; 6 Y x . 
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If a is even, then 

(/>(T H (x (a£l) x fc )) = c ur x u d T for all i G Yq, k G Y x . 

For any fixed u, since \u\ > 3, there is f G u \ {i',k}. Note that [Aj, Tf^x^^x^)] = 0. 
Applying <p one gets 

reyi.uGB 1 MSB 1 

This implies that c ur = for r G Y\ \ f and therefore, 

<P(T u (x^x k )) = c uj ,x u d r . 

u&M 1 

Since n > 3, take I S ii \ j'}. Applying to [Th^^x^), Th(x 5 v;c;/)] = 0, we have 
SueB 1 c uj'X u di = 0. This implies that c nj / = and hence 0(Th(x^ £ ^ x^)) = 0. 

If a is odd, then ^(Th^^x^)) = Sr-eyo,weB°,M>2 c ur x u d r . Given u, if |«| = 2 and 
{A;, <f_ u; or |u| = 2 and A; = or \u\ > 2, then there is j' G u such that j' ^ A;, i'. Note 
that [A i; T H (x( a£l )x fc )] = 0. Applying we have 

reY ,«eB° u6B° 

This yields c ur = for r G Yq. Thus 

0(T H (x (a£l) x fc )) = ^ c wX v d r where u = {»', k}. 
reY 

Clearly, it suffices to consider the case a = 3. Compute 

[Ai, T R (x^x k )} = -3T H (x (3£l) x fc ). 
Applying cf> to the equation above we have 

^ x I C'U'i x d% — 3 x df ^ 

reY r£Y 

and consequently, c vr = for r GY^\i and 5c„i = 0. If 5 ^ (mod p), then c„j = and 

4>(T R (x^x k )) = 0. 

If 5 = (mod p), then 

Applying to [T H (x( 3£ ^Xfc), Tn(xiXk)] = yields c vi = and therefore, 0(T h (x( 3£ ^xa,.)) = 0. 

□ 

As a direct consequence of Lemmas 13.11 and 13.21 we have the following proposition. 
Proposition 3.3. Der_i(ft0,W) = adW0_i. 
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Proof. Let (f> G Der_i(7^0, W). By Lemma UTTl assume that 4>(Tn(xiXk)) = J2 r eY c ikrd r , 
where c ikr e¥, i eY ,k e Y\. Applying to [Tn(xiX k ), Ai] = T R (xiX k ) for k G Y 1 \ i', 
one may obtain that —c-ikidi + cundk' = Yl r eY c ikrd r , and therefore, 

Cikr = 0, r G y \ k'; can = c ik k>- 

Thus, (f)(Tu(xiX k )) = Ci k k>dk> = Cii'idk' for k G Y"i \ Let 

^ := + c rr ' r &dd r where c rr ' r G F. 

Then for k G Y\ \ i', 

ip(Tu(xiX k )) = 4>(T R (xiXk)) + c rr ' r [a r , T H (x;ccfc)] 

reYo 

C-ii'i&k' Cn'idk' 

= 0. 

Note that [Aj, Aj] = for j G io\i. Applying 0, one may obtain that —cuijdj + Cjjudi = 0. 
Hence, Cjj/j = and 0(Aj) = cwidi. Thus 

V>(A;) = 0(Ai) + ^ C rr ' r [5 r , Aj] 
= 0. 

So far we have proved that ip(7iOo) = 0. By Lemmas 13.11 and 13.21 tp = 0. Therefore, 

4> = — ^2 c rr ' r add r G adHO-i, 

reY 

proving that Der_i(ft0, W) = adWO_i. □ 

In order to determine the negative Z-degree derivations from HO into W, we give the 
following lemma. 

Lemma 3.4. Let<p G Der_ t (WO,>V) witht > I. Fori G Y andk G Yi, i/0(T H (> (tel) Xfc)) = 
0, then = 0. 

Proof. We first show that 0(TH(xfcXzx g )) = for all k,l,q G Y"i. It suffices to consider the 
case zd((p) = —2. By Lemma ll.ll assume that 

4>(Tii(xkXix q )) = a rd r where a r G F. 

r€Y 

Note that 

[T H (x k XlX q ), Afc/] = -Tn^fcX/Xg). 

Applying 0, one gets —ak'dk' = — Y^,reY a rd r - This shows that a r = for r G Yq \ k' . It 
follows that 

4>(T H (x k xix q )) = a k 'd k '. 
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Similarly, noting that [T^x^xiXq), Tn(xfc'Xz)] = 0, one may show that = and there- 
fore, (j>(T H (x k xix q )) = 0. 

In the following we proceed by induction on a to show that (f)(T}i(x^ a£i ^ x/~)) = for 
all i G Yq, k G Y\. If a < t, then (f>(Ti{(x^ a£ ^Xk)) = 0. Assume that a > t. By inductive 
hypothesis and Lemma ll. 11 one may assume that 

0(T H (x (ae ^x fc )) = ^ c ur x u d r where c ur G F. 

r£Y, \u\=a— t 

Suppose a — t > 2. If a — t is odd, then a — t > 3 and 

0(T H (x^)x fe )) = Y, CurX U d r . 

Just as in the proof of Lemma l3.2l ffor a being even there), one may 

show that 0(T H (x (a£l) Xfc)) = 

0. If a — t is even, then 

<f>(T H ( X ^X k )) = Yl CurX U d r . 

r£Y ,u£M° 

Just as in the proof of Lemma 13.21 (for a odd there), one may show that <j)(Tn(x( a£i ^Xk)) = 
0. 

Now consider the case a — t<2. Note that in this case, we have a — t = 1 and therefore, 

(^(Tnix^xk)) = Y c qr x q d r . 

(1) Let k / %'. Note that [T H (x (a£l) x fc ), AJ = aT H (s (aei) a;fc). Applying one gets 

^ ^ C-qi'Xqdi' ^ ^ Cj' r Xj'<9 r — (1 ^ ^ Cq r Xqd r . 

By comparing coefficients we have 
and 

a C^Xg + Ci' r Xi' = for r £ Yi \ f'. 

Consequently, 

acj/j/ = 0; 
(a — l)c,jj/ =0 for q &Yi\ i'; 
(a + l)cj/ r = for r G Yi \ i'; 
ac qr = for q, r G Yj \ i' . 
If a = (mod p), then c q i> = Ci' r = for q,r G Yi \ i' and it follows that 

0(T H (x (a£i) Xfc)) = Ci'i'Xi'di' + ^ Cq r X q d r . 
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Note that 

[T H (x^x k ), A k ,} = -T H (x^x k ). 

Applying <fi we have 

^ ^ Cqk^qdk ^ ^ C- kr X k d r — Cj'j'Xj'Sj' ^ ^ Cq r Xqd r . 

qGYiV' re^iV q,r&Yi\i' 

Comparing coefficients yields 

Ci'i' = 0; 

2 ^ ^ Cq k Xq C kk X k = 0] 
^ CqrXq - C kr X k = for V G Y"l \ {Y, k}. 

It follows that 

Cj'i' = 0; Cgfc = for q G Yi \ z'; c gr = for g, r G Yi \ fc}. 

Then 

0(T H (x (<I£<) X fe )) = C kr X k d r . 

rGYi\{fc,i'} 

For I £ Yi\ {/c,i'}, we have [T H (x (a£i) x fc ), A//] = 0. Applying <p yields c fc / = 0. Thus, 
(j>(T H (x^x k )) = 0. 

For the case with a ^ (mod p), our discuss is divided into three parts. First suppose 
a = 1 (mod p). Then 

c qr = for g, r G Yi \ i'; Ci/ r = for r G Y\. 

Consequently, 

Note that [T R (x^x k ), A k >] = -T H (x (ae,) Xfc)- Applying <f> one gets 

-C ki iX k di> = - ^ Cqi'Xqdi'. 

Hence c q i' = for q G Yi \ {i', A;} and 

0(T H (x( a£ ')x fc )) =c kil x k d i >. 

For / G Yi \ {i', fc}, it is easy to verify that [TH(x' a£, 'xfc), Th^'X^x;)] = 0. Applying we 
have 

[c k i'X k di>, -x k xidi + Xi'Xid k ' - Xi<x k d v ] + [T H (x (a£l) x fc ), </>(T H (xj/x fe Xz))] = 0. 
Since 4>(Tu(xi>x k xi)) G HO-i, one may assume that 

(/)(TH(xj'XfcX;)) = a r9 r where a r G F. 

reY 
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Then 

Cki'XkXidk' + 

Consequently, 



T H (x^X fc ), Vrd r 
reY 



0. 



c ki >x k xid k > - ciix^-^xkdi, + a*x ((a 1)£ ^d k , = 0. 

It follows that Chi' = and therefore, 0(Tn(a;^ ae ^ x k )) = 0. Second, suppose a = — 1 
(mod p). Then c ? j/ = for q G Yi and c qr = for q, r G Y\ \ i'. Thus, 

<f>(T K (x^X k )) = Ci>rXi>d r . 

reYi\i' 

Note that [Tn^^Xfc), A fe /] = -^(x'^'xfc). Applying one may verify that q/ r = 
for rey*i\/. Hence 

<XT H (x^x fc )) = 0. 

Third, suppose a ^ —1, 1 (mod p). Then it is clear that <p(Ti{(x^ a£ ^x k )) = 0. 
(2) Let us consider the case k = i' . Direct computation shows that 

[Th(x^W), A,] = (a- l)T H 0r (o£i W). 
Applying and computing one may get 

(a - 2) ^ Cgj/Xg + Cj/j/Xj/ = 0; 

(a — 1) c^Xg + q/ r Xj/ =0, r G Yi \ i'. 
Comparing coefficients yields that 

(a - l)cj/j/ = 0; 

(a - 2)c 9 j/ = 0, geFi\ i'; 

aci'r = 0, r G Y\ \ i!\ 

(a-l)c qr = Q, q,reY 1 \i'. 

If a = (mod p), then 0(TH(x^ ae ^Xj')) = SreYiV (H> r Xi'd r . For j G 7 \ ^ it is easily 
verified that [T H (x (a£i) Xi'), Aj] = 0. Applying ^ we have 

c VT x v d r , Aj = 0. 

reYi\j' 

Consequently, Cj/j/Xj/dj/ = and therefore, Cjy = 0. It follows that 0(TH(x( aei )xj/)) = 0. 
If a ^ (mod p), the following discussion is divided into three parts. 

Case (i): a = 1 (mod p). Then 

0(T H (x (a£i) Xj')) = Ci'i'Xi'di' + ^ C qr X q d r . 

q,reY{\i' 
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For f G Y"i \ it is easy to see that [Th^x^^Xj/), Tn(xjXj/)] = —T^x^^Xj'). Applying 
4> we obtain that 

— Ci'i/Xj/di' + C q j/Xqdii = 0. 

<76Yi V 

It follows that Cj'j' = Cj/j' and c q y = for q G Yi \ and / G Y"i \ i' . Then 

0(TH(x^ ae ^Xj/)) = Cj/ r xj/d r + Cj/j/Xj/(9j/ + CiniXj/dji . 

r€Yi\{j',j'} 

For / G Yi \ {i', j'}, we have 

[T H (s (aei W), T H (xiXi)] = -T H (x (a£l) x/). 

Applying we obtain that CjnXj>di> — Ci'i'Xidi' = 0. This implies that = and Cj/j = 
for all / G Yi \ {i', /}. Therefore 0(T H (x (aei) a;i')) = 0. 

Case (ii): a = 2 (mod p). Then 

(j)(Tu(x^ ) x i/ ))= c qV x q d v . 

Note that [Th^^Xj/), Aj] = for j G Yo \ i. Similarly, applying one gets Cjv = for 
j eY \i and therefore, 0(T H (x( a£i )x;/)) = 0. 

Case (iii): a 1, 2 (mod p). Clearly, ^T^x^X;/)) = 0. □ 

Proposition 3.5. Suppose t G N is noi any p- power. Then Der-t(HO, W) = 0. 

Proof. Let G Der^^O, W). We first consider the case £ ^ (mod p). Direct compu- 
tation shows 

[A t ,T H (x^)x fc )] = (S k:i ,-t)T K (x^x k ). 

Applying <fi one gets 

[A*, #T H (s (tei) s fc ))] = (V " 0^(T H (x^)x fc )). 
Since (f>(Ti{(x^ £ ^Xk)) G HC-i, one may assume that 

0(T H (x (tei) x fe )) = ^2 a rdr where a r G F. 
rey 

Then 

Aj, ^ a r d r = aj(9j = (5 feji / - t) ^ a r <9 r . 

If k 7^ i', then (i + l)aj = and ta r = for r G Yo \ z. Since £ ^ (mod p), we have a r = 
for r G Yo\i If i — 1 (mod p), then aj = and therefore, (p(T}i(x^ £ ^Xk)) = 0. If t = — 1 
(mod p), then 0(TH(x( fe ^Xfc)) = aj<9j. Note that 

[T H (x( fe '»x fc ),A^] = -T H (x (fet) ^). 
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Applying <p one gets [didi, x^dk — Xk'd^i] = — a,9j and therefore, cij = 0. Hence 

0(T H (x (t6i >x fc )) = 0. 

If k = i', then ten = and (t — l)a r = for r G io\*- Since i ^ (mod p), we have en = 0. 
If £ ^ 1 (mod p) , then a r = for r G Yo \ i and hence 

0(T H (x( te «)xi/)) = 0. 

If t = 1 (mod p), then 0(T H (x( tei )x;/)) = EreYbV a ^- Note that [Th^^x;/), A j] = 
for j £ YJ) \ i. Applying (ft one gets —CLjdj = and Oj = 0. Thus (j)(Tu(x^ t£ ^ av)) = 0. 

Let us consider the case t = (mod p). Write £ = X^=i a sP s where < a s < p and 
a r 0. Since 

zd(T H (x« i - pr+1 ) £l )x fc )) = t - p r < t - 2, 
zd(T H (x (pr£l W)) = p r - K t - 2, 



we have 
Then 



0(TH(x«^ r+1 ^)x fc )) = «HT H (^W)) = °- 



[T H (x«^ r+1 ^x fc ), T H (x^W)] = [Q.) - <5 M 'L *_ ^TnCx^Xfc). 
Note that ( p rl.i) = (mod p) and ( p * r ) ^ (mod p). Applying 4> we have 

0(T H (a; (tei) a;*)) = for alH eYq, k £ Y\. 

By Lemma E31 4> = 0. This proves Der_ t (WO, W) = 0. □ 

Proposition 3.6. Let t = p r for some r G N. Then Der_t(W0, W) = spanp-^adSj)*^ G 
F,}. 

Proof. Let G Der_ t (H0, W). Then (P{T H {x^x k )) G for i G y and A; G Fi. 

Assume that 

0(T H (x (tei) x fc )) = ^ (w9 r where a ifcr G F. 
rev;, 

Compute 

[T H (x (tei) x fc ), A<] = (t - ^)T H (x^)x fe ). 

Applying <^ one gets 

— a-ikidi = (t — 8k t i') ^2 a ikrd r = —Ski' ^2 a ikrdr- 
r£Y reY 

If i' = k, then = for r G Yq \ i and hence 

0(T H (x( te< W)) = Otf/i^. 
If i' ^ k, then a^j = and hence 

0(T H (x (te<) x fc )) = a jfer a r . 

reY \i 
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Note that [T^x^^Xk), A k i)] = —T}i(x^ t£ ^x k ). Applying (f>, one gets a ikr = for r G Y \k' 
and therefore, 

^(Tnix^Xk)) = a ikk /d k '. 

Note that 

[Th(x^W), T u (x iXk )] = -T H (z (tei) z fc ). 

Applying 0, we have [aa/idi, x k di' — Xid k i] = —ai kk >d k i and it follows that a^/j = for 
k 7^ i' . Put a,j := a^j = and 

ifi := <j>+ a r (ad<9 r )*. 

Then ^ G Der_ 4 (T^O, W) and one may easily verify that ^(Th^^^A;)) = 0. By Lemma 
13.41 ip = and 4> = — Y2reY a r(add r )* <E span F {(ad<9j) 4 |i G Y }. □ 

Assembling the main results in Section 2 and 3, we are able to describe explicitly the 
derivation space from TLO into W : 

Theorem 3.7. Ber(HO,W) = adW + span F {(add;) pfe ' | i G Y , 1 < k { < U}. 

Proof. This is a direct consequence of Propositions 12,91 13,31 13,51 and 13,61 □ 

4. The derivation algebra of TiO 

In this section, using the results obtained in Sections 2 and 3, we shall determine the 
derivation algebra and outerderivation algebra of for the even part of the Hamiltonian 
superalgebra. Note that by [El Proposition 20, p. 202], 

2n 

HO = HO = { G W I di(a f ) = (-l)^U)+rti)+»(j) dj ( a .,) } ifj € Y \. 

i=l 

Proposition 4.1. Let t be a positive integer. Then Der t (HO) = &d(HOt). 

Proof. Let <f> G Der t (HO). Then <p G Der t (HO,W). By Proposition 1231 there is D G W t 
such that 4> = ad£> G Dei t {HO). Clearly, D G Nor w (W)i. Let L> = X] rG y 9rd r , where 
<7 r G C(n,n;t) t+ i. Then 

[di, D] = [d l7 9rd r ] = ^ ^( 5r )5 r G WO fori G Y . (4.1) 

Fix i G Yo and put := di(g k ) for k £ Y. By the definition of di(ai) = — <9j'(ev), 
that is, di(di(gi)) = -8^(8^)). Therefore, 

di(d i (g i )+d i ,(g i ,))=0. (4.2) 

Similarly, we have c^(ai) = — <9j/(aj), that is, <9j'(a?) = 0. Hence 

=0- (4-3) 

For any r G Y d l {a r ) = (-l)^d r ,{ ai r), that is, ^(^(ft.)) = (-l)^'^^'))- 

It follows that 

d 4 (d 4 ( 5r )-(-l)^')d r ,( ft 0) = 0. (4.4) 
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For r G Y \ we have 9j/(a r ) = —d T >(ai), that is, di/(di(g r )) = —d r /(di{gi)). It follows 

that 

d i (d i/ (g r )+d r/ (g i )) = 0. (4.5) 

For r £ we have d r (a r ) = —d r /(a r /), that is, d r (di(g r )) = —d r i(di(g T >)). It follows 

that 

a i (5 r ( 5r ) + ^(3r0) = 0. (4.6) 

Note that 

[At, D] = (A i (g i ,)-g i ,)d i/ + (A i {g i )+g i )d i + Ai(g r )d r G HO. (4.7) 

rGr\{i,i'} 

For A; G Y, denote by 6^ the coefficient of d^- Then by the definition of TtO, we have 
di'ipi) = —di'(bi), and therefore, 

d i ,(A i (g i )+g i )=0. 

It follows that 

di>(gi) - Xid v di(gi) + di/(gi) = 0. 

By (|4.3|) . di'(gi) + di>(gi) = 0. Similarly, for r G Y \ {i, i'}, we have di'(b r ) = —d r '(bi), that 
is, 

di'(Ai(g r )) = -d r >(Ai(gi) + gi). 
Computing from the equation above one gets 

di'(g r ) + d r >(gi) = -Ai(di>(g r ) + <9 r '(ft)). 
By (j4.5j) . we have di> (di/ (g r ) + <9 r '(<?j)) = —(di'(g r ) + d r >(gi)). It follows that 

di,{g r ) + dA9i) = 0. (4.8) 
For r G Y \ {M'}> d r {b r ) = — <9 r /(6 r /), and then 

<9 r (Ai(g r )) = -d r ,(Ai(g r r)). 
Computing from the equation above one gets 

x il d il (d r (g r ) + d r ,(g r >)) = Xidi(d r (g r ) + d r >(g r ,)). 
By (j4.6j) . Xi'di'(d r (g r ) + d r /(g r ')) = 0. Consequently, 

di'(^(<?r)+^(3r')) =°- ( 4 - 9 ) 
For r G Y \ we have d l {b r ) = (-1)^^')^, (&.,) ; that is, 

d i {A i (g r )) = {-iy^d r ,{A i {g i ,)-g i ,). 

Similarly, one computes 

Ai(di(g r ) - (-ly^GfcO) = W " (-l) Mr,) ^(^)- 

By (IH, 

xv^diter) - (-iy^d r ,{g v )) = d^gr) - (-iyWd r ,( gi ,). (4.10) 
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Similar to the proof of jSJ Lemma 6], one may show that 

di(dr') = dr(9i') for i,r G Yq with i ^ r. (4-11) 

We next show that d r >{g r ) = —d r /(g r ) for r G Yo\i. By (j4.1|) . d r i(a r ) = —d r i(a r ) 
and then d r /(di(g r )) = 0. Hence di(d r /(g r )) = 0. By (|4.7|) . d r i(b r ) = —d r i{b r ) and then 
d r 'Ai(g r ) = 0. It follows that Xi'di'd r >(g r ) = and then di'd r >(g r ) = 0, since we have 
shown that di(d r i(g r )) = 0. Clearly, d r i(d r >(g r )) = 0. Since D £ NoryvCH0)t, there is 
/ r G 0(n,n;t)j such that [9 r , D] = Tn(/ r ) for r G Yq \ i. Consequently, 

Therefore, d r (g r ) = —d r i{f r ) for r G Yo \ i and then d r d T >{g r ) = d r >d r {g r ) = —d r 'd r '(f r ) = 
0. Thus we have 

d r ,(g r )=0. (4.12) 
It follows that d r '(g r ) = —d r '(g r ). We have to show that for t > 1, 

di(Sr) = -Mft') for r G \ »• (4.13) 

Form (|4.4j) one can see di(di(g r ) + cV'G?i')) = 0. Then by Q4.12JI . 

d r '(di(g r ) + d r i(g v )) = di(d r i(g r )) + d r /d r/ (gi') = for all r eY \i. 

By (|4.11|) and (|4.fi|h for r G Yo \ one may compute 

d r {di(g r ) + d r >(gi>)) = 0. 

Note also that, by (|4,1U|) . Xi'di>(di(g r ) + d r >(gii)) = di(g r ) + d r i (g^) . Then one may see that 
di(dr) + dr'{9i') is °f the form Ax,/ where A G F. If t > 1, then di(g r ) + <? r ' (<?«') = 0. In the 
following we show that d r {g r ) = —d r >(g r i) for t > 1. By (|4.6|) . di(d r (g r ) + d r >(g r /)) = 0. By 
(HEJ), d v (d r {g r ) + d r ,{g r ,)) = 0. By (ITT21 . 

d r '(d r (g r ) + d r i(g r >)) = d r d r /(g r ) + d r /d r i(g r i) = 0. 

Since r G lo \ d r {g r ) + d T >{g r i) is of the form Ax r where A G F. If i > 1, then 

<9r(flv) + <9 r /(sv/) = 0. 

Let us show that di(g r ) = — <9 r '(<?i') and d r (g r ) = —d r i(g T >) for i = 1. Let -D := Y^jeY 9j®3-> 
where gj = l( - Y c jkl^k x l- Then for arbitrary i G Yo, 

[di, D] = [di, ^2 c m x h x i d o\ 
k,l,jeY 

= ^2 cjuxidj + ^2 CjkiXkdj 
ijeY k,jev 

= ^2 ( c i« + c jn) x idj 

= Yl ( Y^ il + c ^) x ') 9 i G 
jeY leY 
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For fixed i G Yq, put dj := YlieY( c jU + c jii) x i f° r J G Y. Since d r (d r ) = —d r >(d r /) for 
r € Yo \ h one gets 

Cr^r 1 "I - C-rri ~ \pr'ir' ~t~ C-r'r'i)- (4. 14) 

For r 6 7() \ i, we have di(d T ) = —d r r(dit). It follows that 

2c ri j = -(Cj' ir .' + CjVj). (4.15) 

For arbitrary r G Yq \ i, similarly, we have 

jeY ieY 

Put ej := X]/Gy( c i ri + c jir) x i f° r J e ^ F° r r G io \ i, we have d r (e r ) = —d r /(e r i). It 
follows that 

For arbitrary r £ Yq\i, we have 9j(e r ) = — <9 r '( e i') an d ^ follows that 
By (g31|) and (jlTTfijl . we have 

k,lEY 

— ^ ^ (CrrZ "I - Crlr^Xl 

= — (Cr'r'l + C r 'ir')xi 

ieY 

— ^ ^ Cr'r'lXl ^ ^ Cr'kr'Xk 

k,leY 

= -d T i(g r >). 
Similarly, by (j4.15j) and (|4.17j) . one may verify that 

di(g r ) = -d r .(g v ). (4.18) 
By (@3J, d^diigi)) = and then + d^g^)) = 0. By Q, 

di{di(gi) + = 0. 

For r G F V, by (JHHI) and (|4~TT|) . we have d r (di(gi) + dv{gv)) = 0. For r G Yo\i, by ljO|> . 
(|4.13f) and (|4.18|) . we have d r i{di{gi) + dii{gi')) = 0. Consequently, c?i (<7i) = —di'(gi')- By 
the definition of TCO, D G WOj and <p G adTLOt- This completes the proof. □ 

Put T := Yn=i x i'di'- 
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Proposition 4.2. Der (HO) = ad(HO + F T) . 

Proof. It is easily seen that &d(HO + FT) C Der (HO). Let 4> G Ber (HO). Then 
^ G Der (WO, W). By Proposition E21 there is D G Wo such that = acLD G Der (HO). 
Clearly, D G Norw(7YO)o. Let D := J2 k leY c ki x kdi- For i G Yo, J G Yi, direct computation 
shows that 

[Tn(xiXj), D] = Xjdi'-Xidji, ^ c k ix k d^ 

k,leY 

= {ci'i'Xj - ^2 Ckjx^jdi/ + ( ^ CkiXk ~ c i'j' x i)dj' 
+ Ci'ixjdi - Cj< r Xid r . 

leYi\i' r€Y \j' 



Note that [Tu^a;,-),!'] G 7YO = 7YC Denote by a k the coefficient of d k in the equation 
above. Then d{ (ay ) = —dj(ai>). It follows that Cji+Cj/^ = Cjj+Cj/j' for alH G Yo and j G Y"i. 
Let c := Cjj + c^/ for i G io- In the same way one may obtain that dj{a{) = —di>(aj') for 
I G Y\ \i' . It follows that cm = —cyi for I G Yi \ i' . Since I? G Wo, = for j G Yo,j G Yi 
and then D = l£Y c k ix k di, where fi(k) = fi(l). Then 

D = Cfc ' Xfc ^ + c *i x ^i 

= c kk x k d k + CiiXjSi + CfczXfcS; + c^d, 
feeVi iGYb fe . !ey i *.i'ev 



= ^(ciiXjSi + c V i,x v d v ) + ^ (c k ix k di + c Vk ,x v d w ) 

1=1 k,l=l 
n n 

= ^(ciiXidi - cuXi'di' + cuXi'di' + Ci'i'Xi/di') + {c k ix k di - c k ix v d k t) 

1=1 M=l 
ra n 

= -^QiAi + cr- ^ Cw T H ( w )eW + Fr, 

8=1 M=i 

Hence, = adD G ad (7^0 + FT)q. □ 
Proposition 4.3. Der_i(ft0) = zAHQ-\. 

Proof. This is a direct consequence of Proposition 13.31 □ 

Proposition 4.4. If m > 1 is not any p-power. Then Der_ m (7YO) =0. If m = p r for 

some positive integer r, then Der_ m (T^O) = span F {(ad<9j)* \i G Yo}- 

Proof. This is a direct consequence of Propositions 13.51 and 13.61 □ 

Recall the notation t = (t\, ■ ■ ■ ,t n ) stands for a fixed n-tuple of positive integers defining 
the finite-dimensional odd Hamiltonian superalgebra (see Section 1). 

Theorem 4.5. Der(7YO) = ad{HO + FT) © span F {(add;) pfcl \i eY ,l<h< U}. 
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Proof. This is a direct consequence of Propositions 14,11 - 14,41 □ 

Put J := span F {9f 1 \i € Yq, 1 < r« < t{}. Then J is an abelian sub-Lie algebra of 
Der(0(n,n;t)) of dimension (YlieY ~~ n )> an d \J , T] = 0. Furthermore, by Theorem 14.51 
we have 

Theorem 4.6. T/ie outer derivation algebra of HO is an abelian Lie algebra of dimension 
EieY U-n + 1. 

We conclude this section by the following corollary. 
Corollary 4.7. dim F (Der(-H0)) = 2 n " 1 p Y: ^ Y o u +^2 ieYo U 



n. 



Proof. By Theorem 2.5], dim F iTO = 2> Eiey o ** - 1. Then dim F HO = 2 n ~ l p^^ Y o u - 1. 
Let a € C(HO). Since C-ho0~LO _i) C G, we have a £ C/ f) 7^0. Let a = X]reY"o,«eB c u r x u d r , 
where c ur G F. Then Aj, ^2 reYo ug B° c Mr^"<9 r J = 0. It follows that 

$i f £Lu ^ ^ C^- -(- ^ ^ C u iX di — 0. 

For any fixed u, if i' € it, then c ur = for r € ioj if ^ u > then c u j = 0. Hence, a = 0, 
proving C{TLO) = 0. Now our conclusion follows from Theorem 14.61 □ 
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